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RESUMEN EJECUTIVO 

 

Este estudio propone un enfoque híbrido para analizar y pronosticar series de tiempo 

financieras no estacionarias, combinando modelos estadísticos con redes neuronales 

profundas. Se presenta un modelo que integra tres componentes clave: el modelo 

Generalized Autoregressive Score (GAS), que captura la dinámica de la volatilidad; un 

mecanismo de atención (ATT), que identifica las características más relevantes dentro 

de la secuencia; y una red neuronal Long Short-Term Memory (LSTM), que recibe las 

salidas de los módulos anteriores para generar los pronósticos de precios. Esta 

arquitectura se denomina GAS-ATT-LSTM. Se evaluaron variantes unidireccionales y 

bidireccionales del modelo utilizando datos financieros reales del índice Nasdaq 

Composite, Invesco QQQ Trust, ProShares UltraPro QQQ, Bitcoin y los futuros del oro 

y la plata. El desempeño del modelo propuesto se comparó con cinco arquitecturas de 

referencia: LSTM Bidireccional, GARCH-LSTM Bidireccional, ATT-LSTM, GAS-

LSTM y GAS-LSTM Bidireccional, utilizando ventanas móviles de 3, 5 y 7 días. Los 

resultados muestran que GAS-ATT-LSTM, especialmente en su versión bidireccional, 

supera de manera consistente a los modelos de referencia en la mayoría de los activos y 

horizontes de pronóstico. Destaca por su capacidad de adaptación a distintos niveles de 

volatilidad y estructuras temporales, logrando mejoras significativas tanto en precisión 

como en estabilidad. Estos hallazgos confirman la efectividad del modelo híbrido 

propuesto como una herramienta robusta para el pronóstico de series de tiempo 

financieras complejas. 
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Abstract

This study proposes a hybrid approach to analyze and forecast non-stationary financial time
series by combining statistical models with deep neural networks. A model is introduced
that integrates three key components: the Generalized Autoregressive Score (GAS) model,
which captures volatility dynamics; an attention mechanism (ATT), which identifies the
most relevant features within the sequence; and a Long Short-Term Memory (LSTM)
neural network, which receives the outputs of the previous modules to generate price
forecasts. This architecture is referred to as GAS-ATT-LSTM. Both unidirectional and
bidirectional variants were evaluated using real financial data from the Nasdaq Composite
Index, Invesco QQQ Trust, ProShares UltraPro QQQ, Bitcoin, and gold and silver futures.
The proposed model’s performance was compared against five benchmark architectures:
LSTM Bidirectional, GARCH-LSTM Bidirectional, ATT-LSTM, GAS-LSTM, and GAS-LSTM
Bidirectional, under sliding windows of 3, 5, and 7 days. The results show that GAS-
ATT-LSTM, particularly in its bidirectional form, consistently outperforms the benchmark
models across most assets and forecasting horizons. It stands out for its adaptability to
varying volatility levels and temporal structures, achieving significant improvements in
both accuracy and stability. These findings confirm the effectiveness of the proposed hybrid
model as a robust tool for forecasting complex financial time series.

Keywords: GAS; LSTM; attention mechanism; hybrid model; forecasting; neural network;
time series; volatility

MSC: 68T07

1. Introduction
1.1. Context

Time series analysis plays a crucial role in various fields such as finance, marketing,
and climatology, enabling the identification of patterns, trend forecasting, and the detection
of potential anomalies or risks. With the advancement of Data Science, these techniques
have become increasingly sophisticated, broadening their scope and improving their ac-
curacy [1]. While some time series exhibit regular behavior and can be analyzed under
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the assumption of stationarity, others are non-stationary, posing a greater challenge and
requiring more complex transformations and models to achieve accurate forecasts [2]. In
this context, it is essential to apply appropriate techniques for handling non-stationary data
as the choice of model depends on both the structure of the series and the specific objective
of the analysis [3].

Volatility, defined as the variance of asset returns, is a key concept in finance as
it quantifies market risk. Its estimation and prediction are fundamental to investment
strategies, risk management, and financial policy design [4], driving the development
of both stochastic and machine learning approaches [5]. In recent years, financial time
series analysis has become increasingly relevant due to the high volatility and nonlinear
complexity of markets. Instruments such as stocks, futures, and indices exhibit dynamics
that challenge traditional assumptions of stationarity, making them difficult to model using
conventional techniques.

1.2. State of the Art

Generalized Autoregressive Conditional Heteroscedasticity (GARCH) family models
have been widely used for decades to model and forecast volatility and to assess financial
risk [5–7]. However, their performance on financial time series is often suboptimal because,
like other traditional parametric approaches, they assume linear data dynamics [3]. This as-
sumption limits their ability to capture the inherent complexity of financial markets, which
typically exhibit nonlinear and non-stationary behavior [8]. In this context, GARCH models
can be viewed as special cases within the broader class of Generalized Autoregressive Score
(GAS) models, which have been proposed as a more robust alternative to overcome these
limitations [9].

Time-varying parameters in models describing stochastic time series processes are a
common phenomenon in many applied scientific disciplines [9]. However, Refs. [10,11]
noted that many such models are difficult to estimate and often fail to account adequately
for the shape of the conditional distribution of the data. To address this, they proposed
using the score of the conditional density function as the main driver of time variation in
the model parameters, allowing direct estimation via maximum likelihood. The resulting
model, known as the Dynamic Conditional Score (DCS) or Generalized Autoregressive
Score (GAS) model, is the approach adopted in this study.

In 1981, Cox categorized time series models with time-varying parameters into two
classes: observation-driven and parameter-driven models [12]. The GAS model belongs
to the former category and has the advantage of exploiting the entire conditional den-
sity structure, rather than being limited to means and higher-order moments as in other
observation-driven models [10], such as Generalized Autoregressive Moving Average
models [13,14] and Vector Multiplicative Error Models [15].

In 2012, Maknickiene and Maknickas enhanced prediction performance using a Long
Short-Term Memory (LSTM) model, a specialized type of Recurrent Neural Network (RNN),
to forecast exchange rates and foreign exchange market movements, both clear examples
of financial time series [16–18]. LSTM networks are well suited for sequential data and
function as nonlinear regressors with selective memory capabilities [3]. In recent years,
various studies have successfully combined parametric models like GARCH with LSTM
networks, achieving improved predictive accuracy. For example, Kim et al. proposed a
hybrid approach combining LSTM with multivariate GARCH models to forecast stock
index volatility [19]. Similarly, hybrid GARCH deep learning models have shown im-
provements in cryptocurrency price prediction, especially for erratic or short time series
data [20]. Additionally, Ref. [21] highlighted the merits of hybrid strategies, showing that
incorporating different GARCH variants (standard, exponential, and threshold) into LSTM
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architectures significantly enhances volatility forecasting for Indian commodities. This
improvement is supported by evaluation metrics such as RMSE and MAE and validated
through rigorous statistical tests like the Diebold–Mariano and Wilcoxon tests. Likewise,
Ref. [22] demonstrated that composite models such as GARCH-GJR-LSTM consistently out-
perform their standalone counterparts, supporting the premise that combining econometric
frameworks with the adaptive learning capacity of neural networks improves the modeling
of shifting volatility and complex temporal dynamics across various forecast horizons.

The use of raw data in neural networks often obscures the individual impact of each
feature on the model’s prediction [23]. To address this modeling challenge, attention mech-
anisms (ATT) have been introduced to assign varying importance to elements in the input
sequence, enhancing both model accuracy and interpretability [24]. Initially developed for
image recognition in computer vision and later applied to graph transformation tasks [25],
attention mechanisms allow the model to focus on the most relevant input information. In
financial applications, attention-based models such as LSTM with attention have shown
notable gains in forecasting accuracy, especially for stock prices in the Chinese A-share
market [26]. Similarly, Ref. [27] introduced the AT-LSTM model for financial time series
forecasting, demonstrating superior performance compared to traditional models such as
LSTM and ARIMA [3]. In a related effort, Ref. [28] proposed a model that incorporates
segmented self-attention within an LSTM framework to mitigate performance degradation
in long-term forecasts. Additionally, Zhang emphasized the robustness of LSTM networks
across various forecasting tasks, including Bitcoin and gold price prediction [29].

Despite advances in both statistical and deep learning models, few studies have
structuredly integrated GAS models with attention mechanisms and LSTM networks for
forecasting non-stationary financial time series. This gap presents a significant research
opportunity to develop hybrid models that combine the statistical rigor of traditional
methods with the nonlinear learning capabilities of deep networks. From this perspective,
we propose the GAS-ATT-LSTM model, which integrates the strengths of the GAS model for
volatility estimation, an attention mechanism for relevance weighting, and LSTM networks
for learning temporal dependencies. The GAS model captures and forecasts dynamic
volatility, addressing the non-stationarity of financial data. The attention mechanism,
implemented within an encoder–decoder framework, identifies the most relevant parts
of the input sequence, enhancing interpretability. Finally, the LSTM component enables
the model to learn complex, nonlinear, and long-term dependencies, further reinforcing
forecasting accuracy.

We selected six representative financial datasets, including the Nasdaq Composite
stock index; the Invesco QQQ Trust and ProShares UltraPro QQQ exchange-traded funds;
and gold, silver, and Bitcoin futures prices. The datasets comprise daily observations from
1 January 2021 through 1 January 2024. Each daily entry includes six features: closing price,
opening price, daily high, daily low, trading volume, and the daily exchange rate.

The structure of this paper is as follows: Section 2 describes the research materials and
methods. Section 3.1 presents the results and their analysis. Finally, Section 4 provides
conclusions and outlines potential future research directions.

2. Materials and Methods
2.1. Data Acquisition

In this study, financial data from six representative assets of the global markets were
employed, including the Nasdaq Composite Index, the Invesco QQQ Trust and ProShares
UltraPro QQQ ETFs, Bitcoin, and gold and silver futures contracts. For each asset, daily
market behavior was captured through variables such as opening price, daily high and low,
closing price, trading volume, and adjusted closing price.
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The data were obtained from Yahoo Finance, and the analysis period varies according
to the historical availability and the respective launch date of each asset. Figure 1 illustrates
the historical trends of the closing prices for the selected assets.

Figure 1. Historical closing prices of financial assets.

The Nasdaq Composite (ˆIXIC) is one of the most widely followed stock market
indices in the financial world as it provides an overview of the performance of more than
5000 leading technology and growth-oriented companies in the United States and globally.
In this paper, data from 1 January 1971 to 1 January 2024 were considered.

Bitcoin (BTC-USD) is a well-known decentralized cryptocurrency whose value has
exhibited extreme volatility, including sharp surges in 2017 and during the 2020–2021
period, followed by notable corrections. For this analysis, records from 17 September 2014
to 1 January 2024 were used.

The Invesco QQQ Trust (QQQ) is an exchange-traded fund (ETF) that tracks the
Nasdaq-100, offering exposure to leading U.S. technology companies. Data from 3 October
1999 through 1 January 2024 were analyzed. In contrast, the ProShares UltraPro QQQ
(TQQQ) is an ETF designed to deliver triple-leveraged daily returns of the Nasdaq-100
index. In this study, records from 2 November 2010 to 1 January 2024 were included.

Gold futures (GC = F) enable investors to speculate on the future price of gold, an asset
traditionally regarded as a safe haven. In this study, data from 30 August 2000 through 1
January 2024 were analyzed. Hereafter, this asset will be referred to as GOLD. Similarly,
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silver futures (SI = F) allow speculation on the future price of silver. Beyond its role as
an investment asset, silver has diverse industrial applications that influence its demand
and pricing. For this analysis, data from 30 August 2000 through 1 January 2024 were
considered. Hereafter, this asset will be identified as SILVER.

2.2. GAS Model

The Generalized Autoregressive Score (GAS) model is a modern statistical frame-
work designed to model dynamic processes in time series, particularly those exhibiting
heteroscedasticity and nonlinearity, common characteristics in financial return data. In the
context of volatility forecasting, the GAS model is especially valuable because it adjusts
its parameters based on observed changes in the data, enabling an accurate and adaptive
representation of volatility.

The GAS model updates the parameters of the time series process dynamically using
the score of the log-likelihood function. This approach enables the model to efficiently
capture structural changes in the data over time.

According to [30], the model is specified by establishing yt ∈ RN , an N-dimentional
random vector at time t, with a conditional distribution:

yt|y1:t−1 ∼ p(yt; θt), (1)

where y1t−1 ≡ (yT
1 , . . . , yT

t−1)
T contains the past values of yt up to time t − 1, and θT ∈ Θ ⊆

RJ is a vector of time-varying parameters that fully characterize the distribution p(·) and
depend solely on y1:t−1 and a fixed set of additional parameters ξ. That is, θt ≡ θ(y1:t−1, ξ)

for all t.
The evolution of the parameter vector θt, which varies over time, is the main feature

of the GAS model and is driven by the score of the conditional distribution defined in (1),
with the following incorporated autoregressive component:

θt+1 = κ + A st + B θt, (2)

where κ, A, and B are coefficient matrices with appropriate dimensions collected in ξ, and
st is a vector proportional to the score of (1), defined as follows:

st = St(θt) ∇t(yt, θt). (3)

Note that the matrix St, of dimension J × J, is a positive definite scaling matrix known
at time t, and

∇t(yt, θt) =
∂ log p(yt; θt)

∂θt
(4)

is the score of (1) evaluated at θt [10].
In this study, the GAS model was employed to model the volatility of the closing

price returns of the selected financial assets between 2021 and 2024. The resulting volatility
estimates were incorporated as input features in the forecasting models. By relying on
conditional heteroskedasticity, the GAS model captures the dynamic variability of volatility
and effectively adapts to evolving market conditions [31,32].

Further methodological developments related to the GAS model have been explored
in [33], where the authors propose a comprehensive framework for volatility estimation
supported by simulation-based evidence. Their findings demonstrate that the GAS model
exhibits strong statistical properties and, under a variety of conditions, performs on par
with or outperforms traditional GARCH-type models. These results further support the
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model’s suitability for volatility forecasting, particularly when paired with appropriately
specified error distributions.

2.3. Volatility

Volatility is a fundamental concept in financial time series analysis because it quantifies
the conditional variability of returns and reflects the risk linked to market fluctuations.
Accurately modeling volatility is essential to capture nonlinear dynamics, regime shifts,
and extreme events, common features of financial markets. Its integration into predictive
models enhances both forecasting accuracy and robustness under uncertain conditions.

In this study, volatility is modeled as the conditional standard deviation over time of
logarithmic returns using a GAS(1,1) model [10], which dynamically updates the parame-
ters of the conditional distribution based on the score of the likelihood function.

For each financial asset included in the analysis, logarithmic returns of the closing
prices were computed. The logarithmic returns rt are defined as

rt = ln
(

Pt

Pt−1

)
× 100 (5)

where rt is the logarithmic return at time t, and Pt and Pt−1 are the closing prices at times t
and t − 1, respectively.

It is assumed that the logarithmic returns rt follow a Student’s t-distribution with zero
mean and conditional variance σ2

t :

rt ∼ tν(0, σ2
t ) (6)

where ν > 2 represents the degrees of freedom. This specification allows for capturing
heavy tails and makes the model more robust to extreme values.

The evolution of volatility is described by the following dynamic equation:

ft+1 = ω + A st + B ft, (7)

where ft = log(σ2
t ) is the log-conditional variance, ω, A and B are model parameters, and

st is the scaled score, defined as the derivative of the log-likelihood with respect to ft. From
this relationship, the conditional volatility is recovered as

σt = exp
(

ft

2

)
(8)

Thus, the value of σt obtained from the model represents the conditional standard
deviation of returns, i.e., the expected dynamic volatility of the financial asset at time t.
Since it is based on logarithmic returns, this measure is dimensionless and expressed in
unitless terms.

2.4. Long Short-Term Memory (LSTM)

The LSTM network, introduced by Hochreiter and Schmidhuber in 1997, is a special-
ized type of Recurrent Neural Network (RNN) designed to address the vanishing gradient
problem [34]. While it retains the general structure of traditional RNNs, it replaces standard
neurons with memory cells.

Each memory block contains three essential gates, input (it), output (ot), and forget
( ft), which regulate the flow of information by determining what to retain and what to
discard during each update of the cell state. Figure 2 illustrates the architecture of an LSTM
block.
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Figure 2. LSTM cell structure.

In the LSTM model, at each time step t, the input vector xt ∈ Rd is processed through
three main gates: input, forget, and output. These are defined, respectively, as

it = σ(Wixt + Uiht−1 + bi), ft = σ(W f xt + U f ht−1 + b f ), ot = σ(Woxt + Uoht−1 + bo)

The candidate memory content is computed as

c̃t = tanh(Wcxt + Ucht−1 + bc) (9)

Then, the cell state is updated using the following expression:

ct = ft ⊙ ct−1 + it ⊙ c̃t (10)

and the hidden state is given by

ht = ot ⊙ tanh(ct) (11)

Here, σ denotes the sigmoid activation function and tanh represents the hyperbolic
tangent. The vectors b are bias terms, and W and U are learnable weight matrices. The
initial states are set to co = 0 y ho = 0 [35].

2.5. Attention Mechanism (ATT)

In financial time series forecasting, it is crucial to identify and emphasize the most
relevant features while filtering out non-essential information, enabling the development
of more accurate and robust predictive models that support decision-making processes [3].
Attention mechanisms enhance this process by directing the model’s focus toward the
most significant segments of historical data particularly valuable when handling long-term
dependencies or complex patterns.

Traditional encoder–decoder architectures like LSTM [36] compress the entire input
sequence into a single fixed-length context vector, which the decoder then uses to generate
predictions. However, this method often struggles with long sequences as the context vector
may not retain all necessary information. Attention mechanisms overcome this limitation
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by enabling the decoder to dynamically access different parts of the input sequence during
each step of output generation.

Additive Attention, also known as Bahdanau Attention, is a type of attention mecha-
nism that was introduced in 2015 by Dzmitry Bahdanau in his work on machine translation
with neural networks [24]. This approach enables the model to adaptively concentrate on
the most pertinent segments of the input at each stage of the output generation process.
It introduces a layer that computes a score (αij) between the hidden state of the decoder
(si) and the outputs of the encoder (hj) to determine how much the model should focus on
each part of the input sequence when generating a specific output:

αij = vT tanh(Wt[si; hj]), (12)

where v and W are learned attention parameters, and tanh is the nonlinear activation
function.

Building on the methodology proposed by [3], we implement an attention-based
framework to enhance the representation of input time series for financial forecasting tasks.
Let the input sequence be defined as

Xt = (x1
t , x2

t , . . . , xn
t ) ∈ Rm, (13)

where n denotes the sequence length and m the dimensionality of each time step. The
attention score for the k-th input at time t is computed as

αk
t = vT tanh(Wxk

t ), (14)

yielding a score vector αt ∈ Rn, where each element reflects the relevance of the corre-
sponding input component. These scores are then normalized via the softmax function to
derive attention weights βk

t :

βk
t = softmax(αk

t ) =
exp(αk

t )

∑n
i=1 exp(αk

t )
, (15)

which quantify the relative contribution of each input feature. The final attention-enhanced
representation at time t, denoted by Zt, is obtained through the weighted aggregation of
the input sequence:

Zt = (β1
t x1

t , β2
t x2

t , . . . , βn
t xn

t )
T . (16)

By using the attention weights to derive Zt, we can efficiently extract sequences of
crucial input features and discard irrelevant ones. Therefore, it is expected that replacing
the input of the LSTM model with Zt will result in better prediction accuracy [3].

2.6. Hybrid GAS-ATT-LSTM Model

Based on the methodology proposed by [3], this article presents the GAS-ATT-LSTM
model, illustrated in the architecture of Figure 3. This hybrid model integrates the GAS
framework with the memory capabilities of LSTM and an attention mechanism to identify
key points within a time series sequence. At each time step, the GAS model leverages
the entire historical dataset and the logarithmic returns of closing prices to forecast the
next-day volatility of each financial asset. This projected volatility is incorporated into the
original dataset and shifted one day forward. Thus, for any given day t, the input data
comprise both the original features and the volatility forecast for day t + 1.
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By integrating the volatility predictions generated by the GAS model, the architecture
introduces key information related to risk levels. These forecasts are concatenated with
the original financial market variables and organized into a sliding window structure,
allowing the model to capture the temporal dynamics of the time series through fixed-
length sequential segments.

On top of this temporal representation, a feature-level attention mechanism is applied,
based on the additive attention described in Section 2.5 and the feature selection strategy
outlined in [3]. Unlike conventional attention mechanisms that operate along the temporal
dimension, this implementation assesses, at each time step, the relative importance of each
input feature within the vector. A trainable transformation is used to generate attention
scores, which are then normalized using a softmax function to produce attention weights.
These weights dynamically emphasize informative features and suppress less relevant
ones, yielding a refined input representation for the subsequent layers of the model.

Finally, the sequence of attention-weighted input vectors is processed by two variants
of the LSTM architecture: unidirectional and bidirectional. In both cases, each point in the
sequence is fed into a memory cell designed to capture nonlinear temporal dependencies
at both short and long horizons, using sliding windows of 3, 5, and 7 days. This approach
enhances the model’s ability to retain relevant information and improves its capacity to
interpret the complex dynamics inherent in financial time series.

Figure 3. Structure of the GAS-ATT-LSTM model.

2.7. Data Processing

To ensure proper convergence of the neural network models and address issues
arising from heterogeneous variable scales, a preprocessing procedure involving scaling
and standardization was applied. The data were divided into two sets: one containing the
predictor variables (Open, High, Low, Volume, and Return for each financial asset) and the
other containing the target variable, corresponding to the daily closing price (Close).
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The target variable was normalized using the Min–Max scaling method from the
scikit-learn library, rescaling its values to the [0, 1] interval according to the following
formula:

Yscaled =
Y − Ymin

Ymax − Ymin

where Y is the original value, and Ymin and Ymax denote the minimum and maximum of
the series, respectively.

The predictor variables were standardized to ensure zero mean and unit variance,
allowing all features to contribute equally during model training and preventing those with
larger magnitudes from disproportionately influencing parameter updates. Standardization
was performed using the following expression:

Xstandarized =
X − µ

σ

where X is the original feature value, µ is the mean, and σ is the standard deviation of the
respective variable.

2.8. Data Partitioning

The transformed data were integrated into a single normalized dataset compatible
with the input requirements of deep learning models. This dataset was chronologically
divided into three subsets: 70% for training, 20% for validation, and 10% for testing, thereby
streamlining the modeling process.

Each of the datasets used in the study consists of 753 observations for partitioning,
except for the Bitcoin dataset, which contains 1096 observations. This difference is due to
the continuous nature of the cryptocurrency market, which operates seven days a week,
including weekends and holidays, unlike the traditional stock market, which records
activity only on business days. The temporal ranges and the distribution of observations
across each phase for the financial series are summarized in Table 1. For the other hand,
Figure 4 illustrates the temporal segmentation of each financial series.

Table 1. Temporal and numerical distribution of data for each financial asset.

Dataset Start Date End Date Training Validation Test

Nasdaq 4 January 2021 29 December 2023 527 150 76
QQQ 4 January 2021 29 December 2023 527 150 76

TQQQ 4 January 2021 29 December 2023 527 150 76
Bitcoin 1 January 2021 1 January 2024 767 219 110
GOLD 4 January 2021 29 December 2023 527 150 76
SILVER 4 January 2021 29 December 2023 527 150 76



Mathematics 2025, 13, 2300 11 of 29

Figure 4. Temporal segmentation of data sets by financial asset.

2.9. Experimental Setting

The proposed architecture, GAS-ATT-LSTM Bidirectional, incorporates an attention
mechanism applied before the recurrent layers. This attention module assigns dynamic
weights to each time step using a trainable matrix and vector, normalized through the
softmax function. The resulting weighted sequence is then processed by a bidirectional
LSTM layer with 256 units, followed by a 30% dropout layer. Subsequently, a second LSTM
layer with 128 units is applied, incorporating L2 regularization and followed by a 20%
dropout. The final output is generated by a dense layer with a single unit.

To ensure a fair comparison across models and to isolate the effects of architectural
differences, the same set of hyperparameters was used for all LSTM-based architectures:
LSTM Bidirectional, GARCH-LSTM Bidirectional, ATT-LSTM, GAS-LSTM, GAS-LSTM
Bidirectional, GAS-ATT-LSTM, and GAS-ATT-LSTM Bidirectional. Each model employs
two LSTM layers with 256 and 128 units, respectively, interleaved with dropout layers of
30% and 20% and ending with a dense output layer. All models were trained for 100 epochs
with a batch size of 64, using the Adam optimizer, along with early stopping and learning
rate reduction strategies based on validation loss.

This standardized configuration ensures that observed performance differences are
solely due to architectural variations such as attention mechanisms, GARCH dynamics, or
GAS components rather than differences in the training setup. The chosen hyperparam-
eters align with common practices in financial time series modeling using LSTM, where
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intermediate layer sizes and dropout rates are used to balance model complexity and
generalization. The two-layer recurrent structure is also standard for capturing multi-scale
temporal dependencies.

The different models evaluated in the present study are as follows: LSTM Bidirectional,
GARCH-LSTM Bidirectional, ATT-LSTM, GAS-LSTM, GAS-LSTM Bidirectional, GAS-ATT-
LSTM, and GAS-ATT-LSTM Bidirectional.

2.10. Evaluation Metrics

In this study, the Mean Absolute Error (MAE), Root Mean Squared Error (RMSE), and
the Mean Absolute Percentage Error (MAPE) are employed to evaluate the accuracy of
forecasting models applied to financial time series. These metrics quantify the discrep-
ancy between the predicted values ỹi and the actual observed values yi from different
perspectives.

The Mean Absolute Error (MAE) is defined as

MAE =
1
N

N

∑
i=1

|yi − ỹi| (17)

and measures the average magnitude of the errors without considering their direction.
The Root Mean Squared Error (RMSE) is given by

RMSE =

√√√√ 1
N

N

∑
i=1

(yi − ỹi)2 (18)

and penalizes larger errors more severely, offering a more sensitive measure of prediction
accuracy.

The Mean Absolute Percentage Error (MAPE) is calculated as

MAPE(%) =
1
N

N

∑
i=1

∣∣∣∣yi − ỹi
yi

∣∣∣∣× 100 (19)

and expresses the average prediction error as a percentage of the actual values.

3. Results and Discussion
3.1. Volatility Analysis

The volatility forecasting model was implemented using the Student’s t distribu-
tion through the UniGASSpec function from the “GAS” package in RStudio, specifying
a GAS(1,1) structure. Parameter estimation and forecasting were carried out using the
UniGASRoll function, fitting the model to the returns of the selected financial indices. A
rolling window approach was also employed to continuously update the model with the
most recent data a critical feature in highly dynamic financial markets, where volatility
patterns can shift abruptly [30].

Table 2 presents the time horizon used for both model calibration and volatility
prediction.

Figure 5 presents the daily evolution of volatility from 1 January 2021 to 1 January
2024, showing how it adjusts to sudden and temporary changes in returns, which can
translate into fluctuations in closing prices.
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Table 2. Estimation time ranges by financial asset. The prediction period for all assets spans from 1
January 2021 to 1 January 2024.

Dataset Estimation from Estimation to

Nasdaq 1 January 1971 1 January 2021
QQQ 3 October 1999 1 January 2021

TQQQ 2 November 2010 1 January 2021
Bitcoin 17 September 2014 1 January 2021
GOLD 30 August 2000 1 January 2021
SILVER 30 August 2000 1 January 2021

Figure 5. Volatility forecasts of financial assets using the GAS model vs. the GARCH model.

Validation tests were conducted to assess the model’s ability to capture the dynamics
of volatility. For this purpose, the residuals were analyzed to verify that they met the
properties of independence and lack of autocorrelation. Appendix A presents the autocor-
relation (ACF) and partial autocorrelation (PACF) functions of both the residuals and their
squared values. These plots demonstrate that the model adequately captures the temporal
dependence structure and the variability of the returns.

In addition, two complementary statistical tests were applied to support these findings:

• Ljung–Box test, used to detect the presence of autocorrelation in the residuals and to
evaluate whether the model correctly captures the time structure of the series.
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• ARCH-LM test, applied to the squared residuals to identify potential ARCH effects,
i.e., the presence of conditional heteroskedasticity not explained by the model.

The results of these tests are presented in Table 3.

Table 3. Results of Ljung–Box and ARCH-LM diagnostic tests on standardized residuals from
GAS(1,1) models.

Dataset Ljung–Box p-Value ARCH-LM p-Value Conclusion
(H0 Not Rejected)

Nasdaq 0.5417 0.4434 ✓
QQQ 0.5827 0.5445 ✓

TQQQ 0.5645 0.3887 ✓
Bitcoin 0.5249 0.1343 ✓
GOLD 0.1710 0.9955 ✓
SILVER 0.1710 0.9955 ✓

The null hypothesis (H0) states that there is no significant autocorrelation up to the
specified lag order. p-values greater than 0.05 indicate that H0 cannot be rejected, suggesting
the absence of autocorrelation in both the residuals and their variance. This implies that
there is no evidence of remaining ARCH-type conditional heteroskedasticity. These results,
summarized in Table 1, support the adequacy of the GAS model in capturing the temporal
dynamics and volatility of the analyzed financial return series.

3.2. Results with a 3-Day Sliding Window

As presented in Table 4, with a 3-day moving window, the GAS-ATT-LSTM model
demonstrated superior predictive performance across several financial assets. For Nasdaq,
Bitcoin, and SILVER, the unidirectional GAS-ATT-LSTM consistently achieved the lowest
error values across all evaluation metrics, confirming the effectiveness of combining the
GAS framework with an attention mechanism to enhance sequential forecasting. In the
cases of QQQ and TQQQ, the Bidirectional GAS-ATT-LSTM variant outperformed other
configurations, highlighting the benefit of bidirectional temporal encoding when modeling
highly volatile instruments. For GOLD, the Bidirectional LSTM produced the best results,
suggesting that in certain market contexts, simpler recurrent architectures may offer suffi-
cient predictive capacity. Overall, these results support the adaptability and robustness of
the GAS-ATT-LSTM architecture across diverse asset classes.

Table 4. Model metrics with a 3-day sliding window.

Dataset Model MAE RMSE MAPE (%)

Nasdaq

LSTM Bidirectional 122.44 149.01 0.89
GARCH-LSTM Bidirectional 136.93 163.95 0.99
ATT-LSTM 125.77 156.01 0.91
GAS-LSTM 114.00 144.22 0.83
GAS-LSTM Bidirectional 115.47 146.73 0.84
GAS-ATT-LSTM 109.58 142.82 0.80
GAS-ATT-LSTM Bidirectional 135.45 165.48 0.98

QQQ

LSTM Bidirectional 3.10 14.86 0.83
GARCH-LSTM Bidirectional 3.17 15.71 0.85
ATT-LSTM 3.00 15.14 0.81
GAS-LSTM 3.14 15.49 0.84
GAS-LSTM Bidirectional 3.01 15.09 0.81
GAS-ATT-LSTM 3.06 15.22 0.82
GAS-ATT-LSTM Bidirectional 2.98 14.29 0.80
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Table 4. Cont.

Dataset Model MAE RMSE MAPE (%)

TQQQ

LSTM Bidirectional 0.91 1.17 2.32
GARCH-LSTM Bidirectional 1.01 1.27 2.54
ATT-LSTM 0.93 1.20 2.37
GAS-LSTM 0.91 1.20 2.34
GAS-LSTM Bidirectional 1.04 1.30 2.63
GAS-ATT-LSTM 0.91 1.21 2.34
GAS-ATT-LSTM Bidirectional 0.89 1.17 2.28

Bitcoin

LSTM Bidirectional 585.83 848.04 1.62
GARCH-LSTM Bidirectional 558.30 819.87 1.54
ATT-LSTM 648.90 919.12 1.80
GAS-LSTM 618.75 882.84 1.71
GAS-LSTM Bidirectional 603.95 860.50 1.69
GAS-ATT-LSTM 545.70 802.22 1.51
GAS-ATT-LSTM Bidirectional 650.63 926.86 1.79

GOLD

LSTM Bidirectional 12.73 16.45 0.65
GARCH-LSTM Bidirectional 15.36 19.59 0.78
ATT-LSTM 12.98 16.68 0.66
GAS-LSTM 12.95 16.71 0.66
GAS-LSTM Bidirectional 13.55 17.53 0.69
GAS-ATT-LSTM 13.96 18.19 0.71
GAS-ATT-LSTM Bidirectional 13.09 16.96 0.66

SILVER

LSTM Bidirectional 0.321 0.414 1.390
GARCH-LSTM Bidirectional 0.313 0.410 1.354
ATT-LSTM 0.316 0.412 1.368
GAS-LSTM 0.312 0.410 1.348
GAS-LSTM Bidirectional 0.317 0.411 1.369
GAS-ATT-LSTM 0.310 0.406 1.338
GAS-ATT-LSTM Bidirectional 0.313 0.405 1.350

3.3. Results with a 5-Day Sliding Window

By extending the moving window to 5 days, as shown in Table 5, the Bidirectional LSTM
achieved the lowest errors for both Nasdaq and Bitcoin, suggesting that the base architecture
is sufficient for short-term forecasting in these cases. For QQQ and GOLD, the Bidirectional
GAS-LSTM yielded the best MAE, while the Bidirectional GAS-ATT-LSTM performed better
in RMSE and MAPE for GOLD, indicating a trade-off between average accuracy and error
dispersion. The TQQQ results favored the Bidirectional GAS-ATT-LSTM, highlighting the
benefit of combining GAS and attention mechanisms for complex, leveraged instruments.
Similarly, the GAS-ATT-LSTM outperformed all other models for SILVER, showing the value
of attention in modeling fine-grained temporal dynamics. These findings suggest that optimal
model complexity depends on asset characteristics and forecasting horizon.

Table 5. Model metrics with a 5-day sliding window.

Dataset Model MAE RMSE MAPE (%)

Nasdaq

LSTM Bidirectional 108.38 137.69 0.80
GARCH-LSTM Bidirectional 163.49 188.05 1.17
ATT-LSTM 175.18 197.73 1.26
GAS-LSTM 116.21 144.14 0.85
GAS-LSTM Bidirectional 122.28 149.94 0.89
GAS-ATT-LSTM 112.27 144.62 0.82
GAS-ATT-LSTM Bidirectional 174.94 199.55 1.25
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Table 5. Cont.

Dataset Model MAE RMSE MAPE (%)

QQQ

LSTM Bidirectional 3.29 16.68 0.88
GARCH-LSTM Bidirectional 3.45 18.12 0.92
ATT-LSTM 3.55 18.07 0.95
GAS-LSTM 3.51 17.69 0.94
GAS-LSTM Bidirectional 3.17 16.34 0.85
GAS-ATT-LSTM 3.53 18.08 0.94
GAS-ATT-LSTM Bidirectional 3.89 21.02 1.04

TQQQ

LSTM Bidirectional 1.13 1.36 2.81
GARCH-LSTM Bidirectional 1.14 1.37 2.83
ATT-LSTM 1.05 1.26 2.60
GAS-LSTM 1.05 1.26 2.63
GAS-LSTM Bidirectional 0.94 1.22 2.41
GAS-ATT-LSTM 1.08 1.31 2.68
GAS-ATT-LSTM Bidirectional 0.93 1.18 2.34

Bitcoin

LSTM Bidirectional 575.71 841.10 1.59
GARCH-LSTM Bidirectional 620.82 873.19 1.73
ATT-LSTM 607.26 874.47 1.66
GAS-LSTM 667.51 940.06 1.81
GAS-LSTM Bidirectional 1008.96 1287.32 2.74
GAS-ATT-LSTM 653.17 894.27 1.84
GAS-ATT-LSTM Bidirectional 678.12 940.55 1.88

GOLD

LSTM Bidirectional 12.61 16.87 0.64
GARCH-LSTM Bidirectional 13.23 17.46 0.67
ATT-LSTM 12.76 16.93 0.65
GAS-LSTM 13.63 17.40 0.69
GAS-LSTM Bidirectional 12.41 16.55 0.63
GAS-ATT-LSTM 12.35 16.46 0.63
GAS-ATT-LSTM Bidirectional 12.44 16.45 0.63

SILVER

LSTM Bidirectional 0.317 0.423 1.362
GARCH-LSTM Bidirectional 0.318 0.433 1.376
ATT-LSTM 0.306 0.427 1.319
GAS-LSTM 0.307 0.422 1.327
GAS-LSTM Bidirectional 0.310 0.427 1.335
GAS-ATT-LSTM 0.305 0.428 1.311
GAS-ATT-LSTM Bidirectional 0.316 0.435 1.355

3.4. Results with a 7-Day Sliding Window

With a 7-day moving window, the results presented in Table 6 reflect that the GAS-
ATT-LSTM model achieved the lowest errors for Nasdaq and GOLD, confirming the benefit
of attention-enhanced architectures in both volatile and stable assets. For QQQ, SILVER,
and Bitcoin, the Bidirectional GAS-ATT-LSTM performed best, highlighting the advantage
of combining bidirectional encoding with attention to capture complex temporal patterns.
In contrast, the GAS-LSTM model outperformed all others for TQQQ, suggesting that the
GAS component alone is highly effective for forecasting leveraged instruments. Overall,
these results indicate that the optimal model configuration varies by asset and that hybrid
approaches offer significant advantages when aligned with asset-specific dynamics.
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Table 6. Model metrics with a 7-day sliding window.

Dataset Model MAE RMSE MAPE (%)

Nasdaq

LSTM Bidirectional 108.93 138.35 0.80
GARCH-LSTM Bidirectional 125.92 150.21 0.91
ATT-LSTM 106.67 135.96 0.78
GAS-LSTM 124.48 148.49 0.91
GAS-LSTM Bidirectional 111.36 137.55 0.81
GAS-ATT-LSTM 104.10 134.71 0.76
GAS-ATT-LSTM Bidirectional 149.32 171.81 1.08

QQQ

LSTM Bidirectional 3.00 13.92 0.80
GARCH-LSTM Bidirectional 3.24 15.42 0.86
ATT-LSTM 2.86 13.75 0.77
GAS-LSTM 2.96 14.56 0.79
GAS-LSTM Bidirectional 3.64 17.98 0.97
GAS-ATT-LSTM 4.05 21.08 1.08
GAS-ATT-LSTM Bidirectional 2.68 13.03 0.72

TQQQ

LSTM Bidirectional 0.98 1.20 2.47
GARCH-LSTM Bidirectional 1.02 1.24 2.57
ATT-LSTM 1.02 1.29 2.55
GAS-LSTM 0.84 1.12 2.15
GAS-LSTM Bidirectional 0.88 1.15 2.26
GAS-ATT-LSTM 1.30 1.49 3.22
GAS-ATT-LSTM Bidirectional 1.05 1.31 2.60

Bitcoin

LSTM Bidirectional 631.93 885.57 1.72
GARCH-LSTM Bidirectional 635.32 882.55 1.79
ATT-LSTM 722.13 993.65 1.96
GAS-LSTM 627.68 863.26 1.74
GAS-LSTM Bidirectional 606.07 861.48 1.68
GAS-ATT-LSTM 655.51 914.13 1.83
GAS-ATT-LSTM Bidirectional 602.90 857.42 1.66

GOLD

LSTM Bidirectional 14.24 18.10 0.72
GARCH-LSTM Bidirectional 13.47 17.46 0.68
ATT-LSTM 14.01 17.92 0.71
GAS-LSTM 14.63 18.97 0.74
GAS-LSTM Bidirectional 13.34 17.47 0.68
GAS-ATT-LSTM 13.01 17.18 0.66
GAS-ATT-LSTM Bidirectional 14.32 18.47 0.72

SILVER

LSTM Bidirectional 0.312 0.418 1.343
GARCH-LSTM Bidirectional 0.316 0.419 1.365
ATT-LSTM 0.299 0.409 1.291
GAS-LSTM 0.318 0.422 1.373
GAS-LSTM Bidirectional 0.306 0.415 1.316
GAS-ATT-LSTM 0.298 0.419 1.281
GAS-ATT-LSTM Bidirectional 0.296 0.406 1.273

3.5. Forecasting Results and Visual Analysis

Figures 6–11 present the forecasting results for the six financial assets. For each asset,
three plots are shown, corresponding to the best-performing model under the 3-, 5-, and 7-
day sliding windows. Each figure compares actual and predicted closing prices, providing
a visual assessment of forecasting accuracy across different time horizons.

Appendix B presents the learning curves for the models applied to the Nasdaq series
as a representative example. The curves correspond to the best-performing models under
the 3, 5, and 7-day sliding windows. All models showed a consistent training behavior, with
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MAE and MSE decreasing rapidly during early epochs and stabilizing thereafter, indicating
proper convergence without overfitting. Given the similarity in learning dynamics across
assets and configurations, only the Nasdaq results are shown to avoid redundancy.

Figure 6. Predicted Nasdaq closing prices: (a) GAS-ATT-LSTM with 3-day window, (b) LSTM
Bidirectional with 5-day window, and (c) GAS-ATT-LSTM with 7-day window.

Figure 7. Predicted QQQ closing prices: (a) GAS-ATT-LSTM Bidirectional with 3-day window,
(b) GAS-LSTM Bidirectional with 5-day window, and (c) GAS-ATT-LSTM Bidirectional with 7-day
window.
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Figure 8. Predicted TQQQ closing prices: (a) GAS-ATT-LSTM Bidirectional with 3-day window,
(b) GAS-ATT-LSTM Bidirectional with 5-day window, and (c) GAS-LSTM with 7-day window.

Figure 9. Predicted Bitcoin closing prices: (a) GAS-ATT-LSTM with 3-day window, (b) LSTM
Bidirectional with 5-day window, and (c) GAS-ATT-LSTM Bidirectional with 7-day window.
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Figure 10. Predicted GOLD closing prices: (a) LSTM Bidirectional with 3-day window, (b) GAS-ATT-
LSTM Bidirectional with 5-day window, and (c) GAS-ATT-LSTM with 7-day window.

Figure 11. Predicted SILVER closing prices: (a) GAS-ATT-LSTM with 3-day window, (b) GAS-ATT-
LSTM with 5-day window, and (c) GAS-ATT-LSTM Bidirectional with 7-day window.

3.5.1. Prediction Results for Nasdaq

Figure 6 shows that, across all three configurations, the selected models effectively
capture both the overall trend and short-term fluctuations in the Nasdaq time series.
Although no systematic improvement is observed as the window size increases, the 7-day
configuration yields the lowest overall prediction errors, as previously reported. These
results visually confirm the capability of the GAS-ATT-LSTM model to represent the
temporal dynamics of financial assets.
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3.5.2. Prediction Results for QQQ

Figure 7 shows that the GAS-ATT-LSTM Bidirectional model achieved the best per-
formance in the 3 and 7-day configurations, recording the lowest errors across all metrics.
This highlights the effectiveness of combining attention mechanisms with bidirectional re-
currence for stock price forecasting. Although the GAS-LSTM without attention performed
competitively in the 5-day setup, the inclusion of attention clearly improved accuracy,
particularly in capturing short-term variations in the QQQ series.

3.5.3. Prediction Results for TQQQ

Figure 8 shows that the GAS-ATT-LSTM Bidirectional model achieved the lowest
errors for the 3 and 5-day windows, highlighting its effectiveness in short-term forecasting
of highly volatile, leveraged assets like TQQQ. However, for the 7-day window, the simpler
GAS-LSTM model without attention or bidirectionality performed best, suggesting that
greater architectural complexity does not necessarily improve accuracy over longer input
horizons. These results indicate that the optimal model configuration depends on both the
time window and the asset’s volatility characteristics.

3.5.4. Prediction Results for Bitcoin

Figure 9 shows that the GAS-ATT-LSTM model achieved its highest accuracy with a
3-day window, proving especially effective for highly volatile series like Bitcoin. For the 5-
day window, the bidirectional LSTM outperformed hybrid models, suggesting that simpler
architectures may be more robust at intermediate horizons. With 7 days, the bidirectional
GAS-ATT-LSTM yielded the lowest errors, though with a slight drop in accuracy. These
results highlight the importance of aligning model architecture with the forecast horizon.

3.5.5. Prediction Results for GOLD

Figure 10 shows that with a 3-day window, the bidirectional LSTM achieved the
highest accuracy, suggesting that for stable assets like GOLD, simpler models may suffice.
For 5 days, the bidirectional GAS-ATT-LSTM performed best, while for 7 days, its unidirec-
tional variant led. Although differences are minor, hybrid models remain competitive, but
their advantage is less pronounced in low-volatility series.

3.5.6. Prediction Results for SILVER

Figure 11 shows that the GAS-ATT-LSTM model achieved the best performance with
3-day and 5-day windows, confirming the effectiveness of the attention mechanism in
modeling SILVER prices. For the 7-day window, its bidirectional variant recorded the
lowest errors, suggesting that a longer historical context and richer temporal encoding can
enhance accuracy. Overall, the results demonstrate that hybrid attention-based models are
effective even for relatively stable assets.

3.6. Discussions

The results of this study underscore the effectiveness of hybrid architectures that
combine traditional time series models with deep learning components for forecasting
the daily closing prices of financial assets. The use of 3-, 5-, and 7-day sliding windows
played a decisive role in predictive accuracy, with performance varying significantly across
different assets.

These findings are partially consistent with the study by [3], which evaluated the
performance of GARCH-ATT-LSTM structures and other variants (LSTM, LSTM-GARCH,
and ATT-LSTM) for price prediction. Although their architectures are similar to those
used in this work, their approach relies on a GARCH model for volatility estimation,
whereas our proposal incorporates a GAS model. Moreover, Ref. [3] concluded that hybrid
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models performed better with 3-day and 5-day windows when forecasting the closing
prices of gold futures, the Dow Jones Industrial Average, and Apple stock. In contrast,
our results show that for gold futures, the Bidirectional GAS-ATT-LSTM (5-day window)
and the unidirectional GAS-ATT-LSTM (7-day window) outperformed the Bidirectional
GARCH-LSTM, suggesting a stronger ability of the GAS-based approach to capture market
dynamics over longer forecasting horizons.

Similarly, the findings of [20] demonstrate that combining parametric models such as
GARCH with deep neural networks can significantly enhance Bitcoin price forecasting. In
line with this, our results show that the GAS-ATT-LSTM and its bidirectional variant, using
3-day and 7-day windows, respectively, outperformed the Bidirectional GARCH-LSTM,
further validating the effectiveness of integrating GAS with attention mechanisms in highly
volatile markets.

In contrast to [27], which reported that the ATT-LSTM model outperformed LSTM in
predicting the Nasdaq index, our experiments reveal that the GAS-ATT-LSTM surpassed
the Bidirectional LSTM for Nasdaq forecasts using both 3-day and 5-day windows. This
supports the hypothesis that incorporating the GAS model alongside attention mechanisms
can significantly improve predictive accuracy in financial time series, particularly under
conditions of high volatility and structural complexity.

Overall, this study corroborates the conclusions drawn in [21,22], demonstrating that
the integration of conventional econometric techniques with advanced machine learning
frameworks can produce more accurate and effective results for identifying complex
patterns in financial time series data.

4. Conclusions
This study evaluated the use of hybrid models for forecasting the daily closing prices

of financial assets, with a particular focus on the GAS-ATT-LSTM architecture as the core
proposal. Empirical results confirm that this architecture, especially in its bidirectional vari-
ant, delivers strong and adaptable predictive performance across a wide range of financial
instruments and forecasting horizons. While simpler models, such as Bidirectional LSTM
or GAS-LSTM, performed well in specific contexts (e.g., Nasdaq or TQQQ under certain
window configurations), the integration of GAS dynamics with attention mechanisms
consistently enhances accuracy in more complex scenarios, particularly for highly volatile
assets such as QQQ, TQQQ, and SILVER. These findings also highlight the robustness of the
GAS-ATT-LSTM architecture, which effectively adapts to varying market conditions and
forecasting intervals, outperforming benchmark models in most scenarios and confirming
its suitability for modeling diverse asset dynamics.

The limitations of this study include the manual selection of time periods, sliding win-
dows, and hyperparameters, which may influence predictive performance. No automated
optimization techniques were employed. Future work could incorporate methods such as
grid search or Bayesian optimization, as well as the inclusion of exogenous variables, to
enhance model accuracy and robustness.

In conclusion, this work establishes a solid foundation for future research on hybrid
models applied to financial forecasting. Combining LSTM neural networks with advanced
statistical models like GAS, together with an attention mechanism, shows strong potential
to significantly improve financial price forecasting accuracy and strengthen methods for
modeling non-stationary time series. As an extension of the present study, it is suggested
to explore alternative hybrid architectures, such as GRU models, modified variants of
LSTM or Transformer models integrated with the GAS framework, to assess potential
improvements in predictive performance. Furthermore, incorporating exogenous macroe-
conomic variables (e.g., interest rates, inflation, and country risk) could enhance accuracy
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by capturing external drivers of volatility. Applying the model to other asset classes, such
as commodities or bonds, would enable validation of its robustness across diverse financial
environments. It is also recommended to evaluate its performance under extreme condi-
tions or during periods of financial turmoil, such as the COVID-19 pandemic or recent
geopolitical conflicts, to analyze its resilience in highly uncertain scenarios. Finally, the
integration of intraday data (e.g., hourly prices) or the execution of a sensitivity analysis
on the input window size and forecasting horizon would help tailor the model to various
predictive objectives and practical applications.
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Appendix A. ACF and PACF of Residuals and Squared Residuals for the
Six Financial Assets

Figure A1. ACF/PACF of Nasdaq Residuals.

Figure A2. ACF/PACF of QQQ Residuals.
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Figure A3. ACF/PACF of TQQQ Residuals.

Figure A4. ACF/PACF of Bitcoin Residuals.
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Figure A5. ACF/PACF of GOLD Residuals.

Figure A6. ACF/PACF of SILVER Residuals.
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Appendix B. Learning Curves

Figure A7. MAE and loss curves for Nasdaq across models and sliding windows: (a.1,a.2) GAS-ATT-
LSTM with 3-day window; (b.1,b.2) Bidirectional LSTM with 5-day window; (c.1,c.2) GAS-ATT-LSTM
with 7-day window.
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